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Section I

Questions in this section are multiple-choice.

Choose the single best answer for each question and record it on the provided answer sheet.

1. The two lines with the vector equations given below intersect at the point (−1, 3, 4).

What is the exact value of the acute angle between these two lines?

r
˜1 =




1
7
0


 + λ



−1
−2
2


 and r

˜2 =




1
2
2


+ µ



−2
1
2




(A) cos−1

(
1√
26

)

(B) cos−1

(
1√
2

)

(C) cos−1

(
4

9

)

(D) cos−1

(√
26

6

)

2. Which of the following is obtained when
1 + i

1− i
is expressed in modulus-argument form?

(A) cos π

2
+ i sin π

2

(B)
√

2
(
cos π

4
+ i sin π

4

)

(C) cos π

2
− i sin π

2

(D)
√

2
(
cos π

4
− i sin π

4

)

3. Consider the statement: If you like to play board games then you are cool.

Which of the statements listed below is a correct version of the contrapositive?

(A) If you like to play board games then you are not cool.

(B) If you are cool then you like to play board games.

(C) If you do not like to play board games then you are cool.

(D) If you are not cool then you do not like to play board games.

4. The displacement of a particle performing simple harmonic motion is given by

x = 4 cos

(
πt− π

4

)
+ 2, where x is measured in metres and time t in seconds. What is the

acceleration of the particle as it passes through the origin?

(A) 4π2

(B) −4π2

(C) 2π2

(D) −2π2
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5. Which of the following gives the value of

(
1√
2

+
i√
2

)2021

?

(A)
1√
2

+
i√
2

(B)
1√
2
− i√

2

(C) − 1√
2

+
i√
2

(D) − 1√
2
− i√

2

6. Which expression is equivalent to

∫
2 sin−1 x dx ?

(A) 2 sin−1 x−
∫

2√
1− x2

dx

(B)
2√

1− x2
−
∫

2 sin−1 x dx

(C) 2x sin−1 x−
∫

2x√
1− x2

dx

(D)
2x√

1− x2
−
∫

2x sin−1 x dx

7. The vectors p
˜

and q
˜

are such that |p
˜
| = 4, |q

˜
| = 5 and p

˜
· q
˜

= 7. What is the value of |p
˜
− q
˜
|?

(A) 2

(B) 2
√

2

(C) 3

(D) 3
√

3

8. James makes the false claim that n2 − n + 1 is a prime number, for all positive integers n.
Which of the following could NOT be used as a counter-example to disprove his conjecture?

(A) n = 1

(B) n = 3

(C) n = 5

(D) n = 8
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9. Consider a projectile being fired through a resistive medium. The following statements are
made to describe the motion at the instant when the projectile reaches the highest point of
its trajectory.

Statement I: The horizontal displacement of the projectile is half of the final range.

Statement II: The speed of the projectile is zero.

Statement III:The projectile experiences zero acceleration.

Which of the following options is correct?

(A) None are true.

(B) Only I is true.

(C) Only II is true.

(D) Only III is true.

10. Consider the three definite integral statements given below.

Statement I:

∫ 1

−1

e−
1

2
x
2

dx = 0

Statement II:

∫ π

4

−
π

4

tan3 x sec3 x dx = 0

Statement III:

∫
π

0

cos3 x dx = 0

Use your knowledge of the properties of definite integrals to determine which of the following
options is correct.

(A) All three are true.

(B) I is false but II and III are true.

(C) I and III are false but II is true.

(D) All three are false.

End of Section I

The paper continues in the next section
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Section II

This section consists of long-answer questions.

Marks may be awarded for reasoning and calculations.

Marks may be lost for poor setting out or poor logic.

Record your answers on the writing paper provided.

QUESTION ELEVEN (15 marks) Start a new page. Marks

(a) Given two complex numbers, z = −3 + 4i and w = 1− 3i, find:

(i) 1z − 2w

(ii) 1zw

(iii) 1
1

z

(iv) 1z + iw

(b) 2Find

∫
4x3

1 + x8
dx.

(c) 2Use de Moivres Theorem to simplify

(√
3

2
+

i

2

)5

−
(√

3

2
− i

2

)5

.

(d) The polynomial P (z) = z4 − 6z3 + 14z2 − 24z + 40 has four complex zeroes, two of which
are 2i and 3− i.

(i) 1Write down the other two zeroes, giving a clear justification for your answer.

(ii) 1Hence write P (z) as a product of two quadratic factors with real coefficients.

(e) 2By expressing an odd integer as 2n−1 where n is a positive integer, prove that if we subtract
one from the square of an odd number the result is a multiple of eight.

x

y

A

B

C

D

(f)

The diagram above shows a rectangle ABCD in the Argand diagram. The rectangle is twice
as long as it is wide. The points A and B represent the complex numbers 2 + 2i and 6 + 4i

respectively. Find the complex numbers corresponding to each of the following:

(i) 1
−−→
AB

(ii) 1
−−→
AD

(iii) 1point C
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QUESTION TWELVE (15 marks) Start a new page. Marks

(a) 3Prove by contradiction that if p and q are positive integers, then

p

q
+

q

p
≥ 2.

(b) 2A particle which was initially at rest, subsequently moves in a straight line along the x-axis.
Its acceleration is given by ẍ = (2v + 1) ms−2, where v ms−1 is the velocity of the particle
after t seconds.

By expressing ẍ as
dv

dt
, find an expression for v(t).

(c) A flight controller is monitoring the progress of three helicopters as they move along straight
flight paths through Sydney airspace. Let the origin O be the control tower of Kingsford-
Smith Airport. All distances are measured in kilometres with the Cartesian axes Ox, Oy

and Oz oriented due east, due north and vertically upwards respectively.

The positions of the three helicopters are represented by the points P (3t− 2, 5− t, 3

2
+ t

4
),

Q(t− 1, 2t− 7, 1+ t

5
) and R(8− 2t, t + 1, 3− t

2
) respectively, where t represents the time in

minutes after midday.

(i) 1Describe the location of the first helicopter relative to the airport control tower at
midday.

(ii) 1Find the direction vectors of the flight paths of each of the three helicopters.

(iii) 3Helicopters P and Q pass through a common point A in space, but at different times.
Find the coordinates of this point and the time each pilot reaches this location.

(iv) 1Show that the third helicopter R is also on course to pass through point A and identify
which of the other two helicopters it will collide with, unless the pilots are instructed
to alter their courses.

(d) Consider the following pair of inequations in the complex plane.

|z − 2− i| ≤ 1 0 ≤ Arg z <
π

4

(i) 3Sketch the intersection of the regions given by the two inequations, making sure to
clearly indicate whether the boundaries and their points of intersection are included in
the required region.

(ii) 1Hence calculate the maximum value of |z|.
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QUESTION THIRTEEN (15 marks) Start a new page. Marks

(a) An object moves so that its displacement x metres at time t seconds is given by:

x = cos 3t + 2 sin3t.

(i) 1Show that the motion is simple harmonic by showing that it satisfies the differential
equation ẍ = −n2x, for some n > 0.

(ii) 2Express x in the form R sin(3t + α), where R > 0 and 0 ≤ α < π

2
.

(iii) 1Hence find at what time, to the nearest hundredth of a second, the object first passes
through x = 2.

(b) It is proposed, for all integers x, that:

if x2 − 6x + 5 is even, then x is odd.

(i) 1Write down a contrapositive statement.

(ii) 2Use contraposition to prove the original conjecture.

(c) (i) 1Determine constants A and B such that
5

(x− 1)(3x + 2)
=

A

x− 1
+

B

3x + 2
.

(ii) 3Hence find the particular solution of the differential equation

v
dv

dx
=

5v2

(x− 1)(3x + 2)
for x > 1,

for which v(2) = 8. Give your answer in the form v = f(x).

(d) (i) 3Use proof by induction to prove de Moivres Theorem, that

(cos θ + i sin θ)n = cos nθ + i sinnθ

for all integers n ≥ 1.

(ii) 1Hence show that

(
cos π

18
+ i sin π

18

)11
(
cos π

36
+ i sin π

36

)4 is purely imaginary.
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QUESTION FOURTEEN (15 marks) Start a new page. Marks

(a) 2Use a suitable substitution to evaluate

∫ 4

1

e
√

x

√
x

dx.

(b) Consider
(3 + 4i)(1 + 2i)

1 + 3i
= (1 + i)q, where q is a real number.

(i) 1Find the value of q.

(ii) 1Hence explain why tan−1

(
4

3

)
+ tan−1 2− tan−1 3 =

π

4
.

(c) 4The sea level in a harbour is assumed to rise and fall with simple harmonic motion. On a
certain day low tide occurs at 1500 hours when the depth of the water will fall to 8 metres.
The next high tide will occur at 0330 hours with a depth of 18 metres.

A ship wishes to enter the harbour that evening and needs a minimum depth of 12 metres
of water to do so safely. Calculate, to the nearest minute, the earliest time it can enter the
harbour that evening and the time by which it must leave the following morning.

(d) Let In =

∫ π

4

0

secn x dx.

(i) 3Use integration by parts to show that for n > 2,

In =
1

n − 1

((√
2
)n−2

+ (n− 2)In−2

)
.

(ii) 1Show that
d

dx

(
ln (sec x + tan x)

)
= secx.

(iii) 3Hence show that

∫ π

4

0

sec x dx = ln
(√

2 + 1
)

and find a simplified expression for I5.
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QUESTION FIFTEEN (15 marks) Start a new page. Marks

(a) 3Bernouilli’s inequality famously states that,

if x ≥ −1 then (1 + x)n ≥ 1 + nx, for all positive integers n.

Prove this inequality using mathematical induction.

(b) (i) 1By applying de Moivres theorem to (cos θ + i sin θ)3, show that

cos 3θ = cos3 θ − 3 cos θ sin2 θ.

(ii) 2Hence, or otherwise, find an expression for tan3θ in terms of tan θ.

(iii) 2Show that tan
π

12
is a root of the cubic equation

x3 − 3x2 − 3x + 1 = 0

and find two other values of θ for which tan θ is a root of this equation, where 0 < θ < π.

(iv) 1Hence show that

tan
π

12
+ tan

5π

12
= 4.

(c) A particle of mass m is projected vertically upwards with initial speed u metres per second
and experiences a resistance proportional to its speed v. That is, a resistive force of mkv

Newtons acts in an opposite direction to its motion, where k is a positive constant. After
T seconds the particle attains its maximum height H metres.

Let the acceleration due to gravity be g m/s2. Define the origin as the point of projection
and upwards as the positive direction for the motion. The acceleration of the particle can
thus be given by the differential equation

ÿ = −(g + kv),

where y is the height of the particle t seconds after the launch.

(i) 2Prove that T =
1

k
ln

(
g + ku

g

)
.

(ii) 3Show that H =
u − gT

k
.

(iii) 1Before considering the downward journey we will define a new origin as the point reached
when the particle is at its maximum height. Also define downwards as the new positive
direction for the motion. Using this revised coordinate system, write down the new
differential equation for the acceleration of the particle during its downward journey.

– 9 –

D 

D 

D 
D 

D 

D 

D 
D 



Form VI Mathematics Extension 2 Trial HSC Examination August 2021

QUESTION SIXTEEN (15 marks) Start a new page. Marks

x

y

A

B

C

M

O

(a)

Let z1 = cis α and z2 = cisβ where 0 < α < β < π

2
. The complex numbers z1, z2 and

(z1 + z2) are represented by the points A, B and C respectively in the Argand diagram
above. Let (z1 + z2) = r cis θ and let OC and AB intersect at M .

(i) 1State what type of quadrilateral OACB is, giving a clear geometric justification for
your answer.

(ii) 1Use the properties of the quadrilateral to determine θ in terms of α and β.

(iii) 2By considering triangle OAC, express r in terms of α and β.

(iv) 2Hence show that

cosα + cos β = 2 cos

(
β − α

2

)
cos

(
β + α

2

)
.

Question 16 continues over the page
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40 m/s

20 m/s

x

y

d

h

O

A

(b)

4Two cricketers are trying to film a ‘trick’ by simultaneously each hitting a cricket ball and
making the balls collide in mid-air. The first cricketer is at point O, at ground level, while
the second is at the top of a nearby building at point A. The point A is a horizontal distance
d metres away from point O and at a height h metres above the horizontal ground, as shown
in the diagram above.

The ball hit from O has an initial speed of 40 m/s and is given an angle of projection of
tan−1

(
3

4

)
. Define the origin at O with right and upwards as the positive directions for x

and y respectively, as shown in the diagram above. It then follows that the six equations
describing the motion of the ball hit by the first cricketer, t seconds after release are:

ẍ = 0 ẋ = 32 x = 32t

ÿ = −g ẏ = 24− gt y = 24t− 1

2
gt2

The other cricketer hits the second ball at the same instant, from point A towards O, with
an initial speed of 20 m/s and an angle of projection of tan−1

(
4

3

)
. Assume that the motion

of the two balls takes place in the same vertical plane, they behave as particles, experience
no air resistance and that the cricketers are successful in making the two balls collide during
their flights.

Find the comparable set of six equations for the motion of the second cricket ball and hence
find the ratio of the two lengths d and h.

(c) Consider the improper integral I =

∫ ∞

1

1

1 + x3
dx .

(i) 2Use the substitution u =
1

x
to show that I =

∫ 1

0

u

1 + u3
du .

(ii) 3Hence or otherwise evaluate

∫ ∞

0

1

1 + x3
dx .

END OF PAPER
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